The observations of quantum oscillations in overdoped cuprate superconductors were in agreement with a charge density contained in a cylindrical Fermi surface but the frequencies of lightly doped compounds were much smaller than expected. This was attributed to a topological transition into small pockets of Fermi surface associated with the existence of the charge density wave underlying superlattice. On the other hand, spectroscopic measurements suggested that the large two-dimensional Fermi surface changes continuously into a set of four disconnected arcs. Here we take into account the effect of the pseudogap that limits the available k-space area where the Landau levels are developed on the Luttinger theorem and obtain the correct carrier densities. The calculations show how the disconnected arcs evolve into a closed Fermi surface reconciling the experiments.
The details of different Fermi surfaces in metals have long been explored by quantum oscillations experiments (QO), like conventional de Haas-van Alphen effect. The quantum oscillations are a direct consequence of the quantization of closed Landau orbits perpendicular to an applied magnetic field. The energy of a given orbit depends on the applied field, and varying the field, there is always a resonance when a Landau level crosses the Fermi energy, from which the transverse (to the field) area of the Fermi surface is derived. The QO in the overdoped cuprate superconductor Tl 2 Ba 2 CuO 2+δ (Tl2201) show the existence of a large Fermi surface covering nearly two-thirds of the Brillouin zone 1 in very good agreement with the angle-resolved photoemission spectroscopy (ARPES) results 2 . The frequency (F ) of oscillation is related with cross-sectional area A k of the Fermi surface by the Onsager relation, A k = 2πeF/ . Assuming that the Fermi surface is strictly two-dimensional, then the carrier density per plane per area is given by Luttinger's theorem; n = 2A k /A BZ = 1 + p, where A BZ = (2π/a) 2 is the BZ area, p is the average doping or hole density and a the lattice parameter. These relations work quite well with several overdoped Tl2201 compounds 1,3 with p ≈ 0.25 − 0.30.
However QO measurements in underdoped YBa 2 Cu 3 O y (Y123) and in HgBa 2 CuO 4+y (Hg1201) are both 25-32 times lower than the overdoped Tl2201 frequency [4] [5] [6] [7] [8] [9] , implying, by the Onsager relation, in very small cross-sectional areas A k . Consequently, there is a discrepancy with Luttinger theorem since typical doping differences are lower only by a factor of 2-3. To explain this overdoped/underdoped difference it was proposed a Fermi surface reconstruction into several small pockets of Fermi surface [4] [5] [6] [7] [8] [9] . The change of sign in the Hall resistances with the temperature in high magneticfield-induced normal state of (Y123) and on Hg1201 suggested that these pockets are electron-like rather than holelike 10, 11 . Since the negative Hall resistances occur between p = 0.07 − 0.15 12 , their existence and the crossover between electron-hole pockets were attributed to the incommensurate charge order (CO) phase 10, 13 or charge density waves (CDW) superlattice formation 14 .
In order to check this Fermi surface reconstruction crossover an effort was made to perform angle resolved photoemission spectroscopy (ARPES) experiments with Y123 15 and Hg1201 16 , but they both did not detected the presence of electron pockets. Thus, the interpretation of QO in terms of electron and hole pockets differs markedly from singleparticle spectroscopy, suggesting that high magnetic fields might induce a new electronic state.
We provide a new interpretation to QO taking into account the charge instabilities on Luttinger theorem, that was originally derived in the context of a Fermi liquid with uniform density. In previous papers [17] [18] [19] we discussed the large amount of experimental evidences for spontaneous symmetry breaking and anomalous long-range ordered electronic states arising near the PG temperature T * (p). The correlations between charge modulations wavelengths Q CO (= 1/λ CO ) in real space and the distance between the Fermi arcs tips in k-space that is dominated by the PG was established by scanning tunneling microscopy (STM) 20, 21 and by a combination of ARPES, STM and resonant x-rays (REXS) on 22 . On the theoretical side, we demonstrated that the PG energy ∆ PG (p) is proportional to the ground state energy of a two-dimensional potential well with radius equal to λ CO (p) 19 , establishing a direct connection between the CO spatial scale and the PG energy ∆ PG (p). The charge anomalies are strong evidence of a non-Fermi liquid behavior and pose the question of how does it affect the Luttinger theorem? We shall answer this question in the next paragraphs.
Another important ingredient comes from measurements of the momentum or wave vector direction like Raman scattering 23, 24 and ARPES 25 that established the d-wave symmetry of the ∆ PG (p). We simulate the CO anomalies by a Cahn-Hilliard approach in real space that is quite precise in reproducing the experimental observations 17, 18, 26, 27 . In Fig.  1 (a) we show an example of simulation; the p = 0.15 compound from the Bi2212 family exhibiting CO with checkerboard structure in 100 vs. 100 unit cells. In Fig. 1(b) we shown the two-dimensional k-space single particle energy ∆ PG (k x , k y ) = ∆ PG (p, T )|cos(k x a) − cos(k y a)|/2. These two maps show the charge modulations and the PG effects on cuprates in real and momentum space what are two forms of the same phenomenon and must be taken simultaneously in the Luttinger theorem.
The SC order parameters are formed in the alternating (high and low) charge density domains that are connected by local Josephson coupling or superfluid phase stiffness ρ sc . On the other hand, under the QO conditions, applied fields around 50 T and temperature T ≈ 1 K, the Cooper pairs break down and the superfluid density n sc become low energy normal carriers on the top of the Fermi surface. But n sc is directly proportional to the superfluid phase stiffness ρ sc that determines the energy scale or available kinetic energy of these unpaired holes. In opposition to this behavior, the PG or the charge instabilities like CDW are unaffected by large magnetic fields as demonstrated, for instance, by Chang et al 28 . Consequently, the free carriers from unpaired holes are constraint by the PG and their low energies to stay in the area near the BZ diagonals where
This inequality defines the 2D area or restricted BZ area (RBZ(p)), that are shown in Fig. 2(a) for electrons and Fig.  2(b) for holes of three compounds with p = 0.10, 0.12 and 0.27 together with the Fermi level of Tl2201 with p = 0.27, just for reference. The full BZ area is (2π/a) 2 = 265 nm −2 with the lattice parameter a = 0.365 nm and the RBZ(p) area of these three compounds are calculated by a Mathematica program and given in Table I. Several experiments compiled by Ref. [23] are indicative that the low temperature ∆ PG (p, 0) decreases linearly with p. Thus in the far overdoped region ∆ PG (p, 0) → 0 and it does not touch the overdoped Tl2201 Fermi level. In this case the Landau levels at the Fermi surface are almost perfect circles, like the Tl2201 with p = 0.27 shown by the red curve in Fig.  2(b) . Therefore for p ≥ 0.27 the Landau levels near the Fermi surface are similar to those of Fermi liquids. For p < 0.27, according our criteria of ρ sc (p, T = 0 K) ≥ |∆ PG (k x , k y )|, the Landau levels become continuously into four large arcs that almost fulfill a complete circle, but the arcs diminish with p and eventually vanish. Therefore the low energy holes near the Fermi level form Landau levels around the arcs confined at the nodal or diagonal directions as it is the case for p = 0.10 and 0.125 displayed in Fig. 2(a) and (b) .
Consequently, the measured QO frequencies F on underdoped samples are from the carrier oscillations around these four squeezed red circles or ellipsoids shown in Fig. 2(a) as:
where A = 1 for p ≥ 0.27 and 4 otherwise. We calculate RBZ(p) with the zero temperature ∆ PG (p, 0) 23 and ρ sc (p, 0) from our previous paper 29 in agreement with experiments 30 . The ∆ PG (p, 0) and ρ sc (p, 0) values used in the calculations for p = 0.09 (Hg1201), 0.010, 0.125 (Y123) and p = 0.30 (Tl2201) are all listed in Table I . We do not have data to calculate ρ sc (0.09) for Hg1201 and we used that of Bi2212 in the preceding paper 29 because their similar T c (p) curves. It is known that ρ sc (p, 0) is maximum near or further the optimum doping and is small in the underdoped region while ∆ PG (p, 0) decreases linearly with p. Both effects combined imply that RBZ(p) decreases rapidly as p goes down below p ≤ 0.16 and are much less than the full BZ area also listed in Table I . Using the areas A k (p) derived from the QO measured frequencies F by the Onsager relation and Eq. (2), we derive hole doping densities in very good agreement with all the compounds used in the QO experiments 1,3-9 as listed in Table I . It is important to emphasize that the Landau levels at the Fermi surface in the presence of the PG provides an explanation to the existence of the four hole pockets with the measured frequencies or areas. Our approach is also in qualitative agreement with the Fermi arcs measured by several ARPES experiments in the absence of a magnetic field and finite temperature 2, 20, [32] [33] [34] [35] [36] . We have previously demonstrated 18 that the Fermi arcs become finite at T > T c due to thermal and quantum fluctuations of the local superconducting order parameter phase Φ j . We have shown that the superconducting amplitude is finite but the order parameter vanishes along the nodal direction due to average quantum and thermal phase fluctuations 18 . In Fig. 3 we show these phase fluctuation cal-culations for p = 0.10 (a) and 0.16 (b) at T ≈ T c + 10 K that reproduced ARPES measurements on Bi2212 32 .
In summary, we showed how to obtain the hole density in the QO experiments of several underdoped compounds from two well known properties: i-The absolute values of the PG at low temperature, ∆ PG (p, 0) that constraint low energy particles in k-space. ii-The superfluid phase stiffness ρ sf (p, 0) that sets the free carriers from Cooper pairs energies. In this manner we obtain the k-space energetically favorable area where the low energy unpaired holes form Landau levels on the top of the Fermi surface. The calculations provided clearly quantitative results listed in Table I , a new interpretation to the QO experiments and indicate a way to reconciled these observations with the Fermi arcs measurements by ARPES. I acknowledge partial support by the Brazilian agencies CNPq and FAPERJ.
